Compact Topologically Torsion Elements of Topological Abelian Groups by Loth, Peter
Sacred Heart University
DigitalCommons@SHU
Mathematics Faculty Publications Mathematics
2005
Compact Topologically Torsion Elements of
Topological Abelian Groups
Peter Loth
Sacred Heart University, lothp@sacredheart.edu
Follow this and additional works at: http://digitalcommons.sacredheart.edu/math_fac
Part of the Algebra Commons, and the Set Theory Commons
This Peer-Reviewed Article is brought to you for free and open access by the Mathematics at DigitalCommons@SHU. It has been accepted for
inclusion in Mathematics Faculty Publications by an authorized administrator of DigitalCommons@SHU. For more information, please contact
ferribyp@sacredheart.edu, lysobeyb@sacredheart.edu.
Recommended Citation
Loth, P. (2005). Compact topologically torsion elements of topological abelian groups. Rendiconti del Seminario Matematico della
Università di Padova, 113, 117-123. .
REND. SEM. MAT. UNIV. PADOVA, Vol. 113 (2005) 
C o m p a c t T o p o l o g i c a l l y T o r s i o n E l e m e n t s o f 
T o p o l o g i c a l A b e l i a n Groups . 
PETER LOTH (*) 
ABSTRACT - In this note, we prove that in a Hausdorff topological abelian group, the 
closed subgroup generated by all compact elements is equal to the closed sub-
group generated by all compact elements which are topologically p-torsion for 
some prime p. In particular, this yields a new, short solution to a question raised 
by Armacost [A]. Using Pontrjagin duality, we obtain new descriptions of the 
identity component of a locally compact abelian group. 
1. Introduction. 
All considered groups in this paper are Hausdorff topological abelian 
groups and will be written additively. Let us establish notation and ter-
minology. The set of all natural numbers is denoted by N, and P is the set 
of all primes. The additive topological group of real numbers is denoted by 
R. By Z and Q we mean the additive, discrete group of integers and ra-
tionals, respectively, and T is the quotient R/Z. The ^-element cyclic 
group is written Z(n). For a prime p, let Zip00) denote the quasicyclic 
group and Jp the compact group of p-adic integers. The groups isomorphic 
to a subgroup of Z(p°°) for some prime p are precisely the cocyclic groups 
(cf. [F]). By Gd we mean the group G with the discrete topology. We shall 
write H < G to indicate that H is a subgroup of G, and by H we mean the 
closure of H in G. The subgroup of G generated by a collection H{ < G 
(i e I) is denoted by ^2 {Hi ! i e I}. An element x e G is called compact if 
(x) is a compact subgroup of G. The compact elements of G form a sub-
group of G which is denoted by bG. The dual group of G is the topological 
group G = Hom(G, T) endowed with the compact-open topology. The an-
nihilator of H C G in G is written (G, H). 
(*) Indirizzo dell'A.: Department of Mathematics Sacred Heart University 
Fairfield, Connecticut, CT 06825, U.S.A. E-mail: lothp@sacredheart.edu 
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If p is a prime, the p-component of a topological group G is defined to 
be Gp = {x e G : \imri^ocpnx = 0}. This set is a subgroup of G and its 
elements are called topologically p-torsion elements. If Gp = G, the 
group G is called a topological p-group. For example, Z(p'x) and Jp are 
topological p-groups. The p-component of T is equal to the p-torsion part 
of T (see [A] Lemma 2.6). Following Robertson [R], we call an element 
x e G topologically torsion if lim„^oo n\x = 0 and denote by G! the set of 
all topologically torsion elements of G. If G! = G, then G is called topo-
logically torsion. Notice that G! is a subgroup of G and that G! contains 
Gp for every prime p. The group G! is a subgroup of bG provided that G is 
locally compact (cf. [HR] Theorem 9.1). If G is not locally compact, the 
inclusion G! C bG may strongly fail. For instance, every countable sub-
group H of Jp satisfies H\ = H and bH = 0. It is clear that if G is a dis-
crete group, G! [Gp] coincides with the torsion part [p-torsion part] of G. 
Topologically torsion groups have been studied by Armacost [A], Bra-
connier [B], Dikranjan [D], Dikranjan, Prodanov and Stoyanov [DPS], 
Robertson [R] and Vilenkin [V]. Additional references may be found in 
[D] and [DPS]. 
In this paper, we are concerned with compact topologically (p-)torsion 
elements of topological abelian groups. In [A] (3.23), Armacost asked 
whether the subgroup of all compact elements of a locally compact abe-
lian (LCA) group G contains G! as a dense subgroup. The answer to this 
question is affirmative and follows from the fact that in an LCA group 
which consists entirely of compact elements, the compact topologically p-
torsion elements generate a dense subgroup (cf. [A] (4.27)). A result in a 
stronger form can be found in [DPS] 4.5.12. We give a new short solution 
to the question in [A] (3.23), reducing it to the case of a monothetic 
compact group which can be easily checked. Our approach is based es-
sentially on Pontrjagin duality and allows for different proofs with the 
key role of the following as an example: For any topological abelian group 
G, the p-component of bG is generated by all subgroups HofG such that 
H = Z(pn) for some positive integer n or H S Jp (see Lemma 2.1). It 
follows that if G is any topological abelian group G, then bG contains a 
dense subgroup generated by all compact topologically p-torsion ele-
ments of G (cf. Theorem 2.5). Consequently, G! is a dense subgroup of bG 
whenever G is locally compact. In this case, Pontrjagin duality can be 
used to obtain new descriptions of the identity component of G: The 
identity component of an LCA group G is the intersection of all open 
[closed] subgroups H of G such that G/H is a cocyclic group [topological 
p-group] (Theorem 2.8). 
Compact topologically torsion elements of topological abelian groups 119 
2. Topologically torsion elements and duality. 
The following lemma on p-components will be useful: 
LEMMA 2.1. Let G be a topological abelian group and let pbe a prime. 
Then we have: 
(i) (bG)p is the subgroup of G generated by all subgroups H of G 
such that H = Z(p")for some positive integer n or H = Jp. 
(ii) IfG is locally compact, then (G, Gp) is the intersection of all open 
subgroups XofG such that G/X is a cocyclic p-group. , 
(iii) / / G is locally compact, then (G, Gp) is the intersection of all 
closed subgroups XofG such that G/X is a topological p-group. 
PROOF. The first assertion follows from [A] Lemma 2.11. If G is locally 
compact, then every topologically p-torsion element of G is compact. 
Therefore, (i) yields 
(G, Gp) = f){(G,H):H<G and H ^ Z(pn) for some n e N or H s Jp}. 
Using Pontrjagin duality (cf. [HR] Theorem 24.8), we may identify the dual 
group of G with G. By [HR] Theorems 23.17,23.25 and 24.10, a subgroup X 
of G is open in G if and only if X is the annihilator of (G,X) in G such that 
(G,X) is compact. Since finite groups are self-dual and (Jp) ^Z(p°°) (see 
[HR] 23.27(c) and 25.2), we obtain 
(G, Gp) = f^\{X : X open < G and G/H is a cocyclic p-group}, 
as desired. The third statement follows from the first paragraph and the 
fact that an LCA group is a topological p-group exactly if its dual group is a 
topological p-group (cf. [A] Corollary 2.13). • 
COROLLARY 2.2. Let G be a compact abelian group and let p be a 
prime. Then: 
(i) Gp is the subgroup ofG generated by all subgroups HofG such 
that H ^ Z(pn)for some positive integer n or H £* Jp. 
(ii) (G, Gp) is the intersection of all subgroups X ofG such that G/X 
is a cocyclic p-group. 
(iii) (G,GP) is the intersection of all subgroups XofG such that G/X 
is a p-group. 
EXAMPLE. For every prime p, (Q)p is a dense subgroup of the compact 
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group Q (cf. [DPS] Example 4.1.3(c)). To see this, we consider the discrete 
group Q(p) of rational numbers whose denominators are prime to p. 
Clearly, f]keNpkQ{p) = 0 and Q/pkQ(p) = Z(pcc) for every k e N. By 
Lemma 2.1(h), the annihilator of (Q)p in the dual group of Q is trivial and 
the assertion follows. 
REMARK. The example above provides an alternative proof of the 
property that (Q)p is dense in Q. The proof in [DPS] requires the knowl-
edge of the structure of the group Q, whereas our proof is based on Lemma 
2.1(ii). 
Recall that a topological group is said to be monothetic if it contains a 
dense cyclic subgroup. 
PROPOSITION 2.3. If G is a compact monothetic group, then the p-
components ofG(pe P) generate a dense subgroup of G. 
PROOF. Any homomorphism / : Z —> G with f(Z) = G induces a 
monomorphism f* :G -> Z ^T (d. [HR] Theorem 24.38). Since the dual 
group of a compact group is discrete, G is isomorphic to a subgroup of 
Td = @pePZ(px) © 02KO Q. This gives rise to a continuous epimorphism 
t-AT.j^llj, 
peP 2*0 
Since <p maps topological p-groups onto topological p-groups and every p-
component of Q is a dense subgroup (see the example above), the groups Gp 
(p e P) generate a dense subgroup of G and the proof is complete. • 
Let G be a topological abelian group. Then we denote by A(G) the 
subgroup of G generated by all subgroups of G which are topologically 
isomorphic to Z(pn) or Jp (p e P,n e N). Further, let B(G) denote the 
subgroup of G generated by all compact totally disconnected subgroups of 
G. Recall that an element x e G is said to be quasi-p-torsion if either the 
cyclic subgroup (x) of G is a finite p-group, or (x) is topologically iso-
morphic to Z endowed with the p-adic topology. The subgroup wtd(G) of G 
generated by all quasi-p-torsion elements (p e P) was defined and studied 
by Stoyanov [S] (see also [D], [DPS] and the references there). An element 
x of G is called quasi-torsion if either (x) is finite, or (x) is equipped with a 
non-discrete topology generated by open subgroups of (x). For any prime 
p, quasi-p-torsion elements are both topologically p-torsion and quasi-
torsion. The quasi-torsion elements of G form a subgroup of G! which is 
1 
Compact topologically torsion elements of topological abelian groups 121 
denoted by td(G). For a compact abelian group G, this subgroup was in-
troduced by Dikranjan and Stoyanov [DS] as the subgroup of G generated 
by all closed totally disconnected subgroups of G. In [S], Stoyanov con-
sidered td(G) for an arbitrary topological group G (see also [D] and [DPS]). 
PROPOSITION 2.4. Let Gbea topological abelian group. Then we have: 
(i) A(G) = £{(&G)P :peP}= wtd(bG). 
(ii) B(G) = td(bG). 
(iii) If H is a subgroup of G, then A(H) C H n A(G) and B(H) C 
C H n B(G). 
(iv) If H is a closed subgroup of G, then A(H) = H T\ A(G) and 
B(H) = Hn B(G). 
(v) If H is a topological abelian group and f : G —> H is a con-
tinuous homomorphism, then f(A(G)) C A(H) and f(B(G)) c B(H). 
(vi) / / {Gi : i e 1} is a family of topological abelian groups, then 
M Uiei Gi) C YlieiMGi) and B( ^ j Gd = Yliei B(Gl). 
PROOF. The first equality in (i) follows from Lemma 2.1(i). Since A(G) 
is the subgroup of G generated by all elements x such that (x) is topologi-
cally isomorphic to Z(pn) or Jp (p e P,n e N), we have A(G) = wtd(bG). 
Obviously, B(G) coincides with td(bG). Properties (iii) - (vi) follow im-
mediately from the corresponding statements on wtd(G) and td(G) in [DPS] 
Proposition 4.1.2 and from properties of the group bG (see [DPS] p. 91). 
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THEOREM 2.5. Let Gbea topological abelian group, Then we have: 
(i) A(G) c B(G) c (bG)\ c bG. 
(ii) AXG) jt B(G) ^ (bG)! ^ bG in general, 
(iii) A(G) = B(G) = (bG)\ = bG. 
PROOF, (i) follows from the fact that a compact totally disconnected 
abelian group is topologically torsion (cf. [A] Corollary 3.6). To show (ii), we 
consider the compact group G = T^° (This example was suggested by the 
referee). By Proposition 2.4 or [DPS] Proposition 4.1.2 we have 
A(G) = Y,{Z(pccf" :peP} and B(G) = (Q/Zf°. Since the group T\ is 
neither torsion nor equal to T (see [A] Lemma 3.4), we conclude that 
A(G) / B(G) ^G\^G. To prove (iii), let x be a compact element ofG. Then 
Proposition 2.3 shows that (x) contains a dense subgroup generated by all 
its p-components. Therefore, x is an element of ^2{(bG)p : p e P} and by 
Proposition 2.4(i), the assertion follows. • 
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In [A] (3.23), Armacost asked whether G! is a dense subgroup of bG if G 
is an LCA group. Since in a locally compact abelian group G, the compact 
elements form a closed subgroup (cf. [HR] Theorem 9.10) containing all 
topologically torsion elements of G, we obtained a new, short solution of 
this problem. 
COROLLARY 2.6. IfG is an LCA group, then A(G) = bG. 
If G is a locally compact abelian group, the annihilator of G! in G can be 
described as follows: 
COROLLARY 2.7. Let G be an LCA group. Then: 
(i) (G, G!) is the intersection of all open subgroups XofG such that 
G/X is cocyclic. 
(ii) (G, G!) is the intersection of all closed subgroups X ofG such that 
G/X is a topological p-group (p e P). 
PROOF. The assertions follow from Lemma 2.1 and Theorem 2.5. • 
The identity component of an LCA group G is the intersection of all 
open subgroups of G (see [HR] Theorem 7.8). Since the annihilator of bG in 
G coincides with the identity component ofG (cf. [HR] Theorem 24.17), we 
can use Pontrjagin duality to obtain the following new descriptions of the 
identity component of an LCA group: 
THEOREM 2.8. Let G be an LCA group and let Go be the identity 
component ofG. Then we have: 
(i) Go is the intersection of all open subgroups H ofG such that G/H 
is cocyclic. 
' (ii) Go is the intersection of all closed subgroups H of G such that 
G/H is a topological p-group (p e P). 
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